Using a very geometric, intuitive construction, an example is given of a homogeneous, compact, connected Hausdorff space (X, T) that does not satisfy the conclusion of the Effros Theorem. In particular, there is a point p and a neighborhood V , of the identity in the group of self-homeomorphisms on X , with the compact-open topology such that V = {h(p): h e V} is nowhere dense in X.
Introduction
A topological space X is homogeneous provided that for every x, y e X there exists a homeomorphism h: X -» X such that «(x) = y. Let I be a homogeneous Hausdorff space and let H(X) be its group of selfhomeomorphisms. Let x e X and let Ex : H(X) -» X denote the map defined by Ex(h) = h(x). If X is a compact metric space and H(X) is given the standard supremum metric then E. G. Effros [4] has shown that Ex is an open mapping for each x e X. (Actually this is only a very special case of what Effros proved.) The second author [6] has shown that this also holds for arbitrary products of homogeneous compact metric spaces and has introduced a concept called even homogeneity, which is useful in studying different versions of this question. We are not giving a definition of even homogeneity here because it is not needed in our argument. In this paper, a counterexample to two other proposed generalizations of this result is presented.
Let X and Y be topological spaces and let F be a family of functions from X to Y. Let A c X and B c Y. Then (A, B) denotes {/ e F: f(A) c B} .
The compact-open topology on F has as a subbase {(A, B): A c X, Be Y, A is compact, and B is open}. The set {(A, B): Ac X, B c Y, A is closed, B is open, and either A or (Y\B) is compact} is a subbase for the complemented compact-open topology on F. We point out that if X is compact then these two topologies on F coincide. Also the compact-open topology is the same as that induced by the supremum metric mentioned above, in the case where X is compact metric and Y is metric. In [2] R. Arens showed that if X is a locally compact Hausdorff space and H(X) is given the complemented compact-open topology, then H(X) is a topological group. By the remark in the last paragraph, this is also true if X is compact Hausdorff and H(X) is given the compact-open topology. Ancel has asked whether the conclusion of the Effros theorem is true (i.e., the maps Ex are open) if either X is homogeneous, compact, Hausdorff and H(X) is given the compact-open topology, or X is homogeneous, locally compact, Hausdorff and H(X) is given the complemented compact-open topology. We answer both these questions in the negative by providing a counterexample to the compact case.
A continuum here means a compact, connected, Hausdorff space. A map f:X->Y is monotone provided that for each y e Y, f~ (y) is a continuum. It is well known (and easy to prove) that this implies that /-(M) is a continuum for each continuum M c Y, in the case that X is compact and / is surjective.
If A c H(X) and x e X, Ax denotes the set {«(x): h e A} . Similarly, if B c X, then AB = {«(x) : « e A, x e B} . A subgroup G of H(X) is called transitive provided that for each x e X, Gx = X.
The example
As is customary, let S = {x e R : ||x|| = 1} . If a single point is removed from S , and in its place a circle is attached nicely, the resulting space is a disk. Doing the same thing at two points yields an annulus. If this process is repeated at each point of a countable dense subset of S , the result is the Sierpinski universal plane curve. The example in this paper can be thought of as the space obtained when this process of removing a point and inserting a simple closed curve in its place is carried out at every point of S . 1 1 Formally, it is convenient to think of this space as a subset of S xS with a specially constructed topology. Define X = {(x, y) e S2 x S2 : x-y -0} , where x • y denotes the usual vector dot product of x and y. Thus, (x, y) e X if and only if y is on the equator of S relative to x as a pole.
For any x e S2, let Sx(x) = {y e S2: x • y = 0}. The circle of points replacing the point x e S is just going to be {x} x Sx (x). For any x, p e S , if p ^ ±x , define p(x ±) = (p -(x ■ p)x)/\\p -(x -p)x\\. Thus p(x ±) is the normalized projection of p perpendicular to x . In particular, p(x ±) e S (x).
The topology on X is defined as follows: Each {x} x Sx(x) will have its usual topology. Let x e S2, let U be any open set in Sx(x), and let 0 < e < 2 . The set B(x, U, e) is the set Bx U B2, where Bx = {(x, p): p e U} , while B2 = {(/?, q): p(x ±) e U and 0 < d(x, p) < e}. (Here d is the ordinary Euclidean distance.) Note that the definition of B2 makes no use of the second coordinate. Thus, whenever (p, q) e B2, {p}xSx(p) c B2, i.e., B2 is saturated i 2 with respect to the collection of simple closed curves {{y} x S (y): y e S }. The collection {B(x, U, e): x e S , U open in Sx(x), and 0 < e < 2} is a base for our topology T on X. Intuitively, each point p of Sx(x) represents a direction (on Sx(x) and in X) from x . The point (x, p) lies in the direction p from x, as do all points (i, q) for which t(x ±) = p, regardless of what q is. The basic open set B(x, U, e) then consists of all points whose direction from x lies in the set U, and whose first coordinate is within e of x . Thus, (x, p) is the "nearest" point in X to x lying in the direction p from x ; x itself, of course, does not belong to X having been replaced by the circle {x} x Sx(x). Thus, the restriction e < 2 above is needed since the direction from x to y on S doesn't mean anything if x and y are antipodal.
Define F: X -> S by F(x, y) = x. Then for each x e S2, F~x(x) = {x} x ^'(x). F is continuous since if V is the disk about x of radius e, then F~l(V) = B(x, Sx(x), e). By the saturated part of a set Gcl,we mean the set F~X(S2\F(X\G)) = {(y, p) e G: {y} x Sx(y) c G}, the largest subset of G saturated with respect to the collection {F~x is a saturated open set.) Consequently, the set {Intir((J^(x)): x e S } is an open cover of S and so has a finite subcover, say {lntF(\J^(x.)): j = 1,2,..., m}. Now, let T = (Jj=] %f(Xj). T is a finite union of finite sets and hence is finite. Let (y, q) e X. Theny e lntF([J%f(Xj)) for some j. Thus, {y} x Sx (y) c IJ &(Xj) ■ Therefore, (y,q)e{J 1¿{x¡) C IJ T, so that T covers X, and the proof is complete.
The next lemma is striking in that it would not be possible in the compact metric case if all point inverses were nondegenerate. Lemma 2. Let Dx denote the decomposition of X whose nondegenerate elements are the sets {y} x Sx(y) for y ^ x. Let Fx: X -» X/Dx be the quotient map. Then, Dx is upper-semicontinuous for each x, and each X/Dx is homeomorphic to a closed disk.
Proof. Use "suspension" coordinates on S , with x as the upper vertex. Thus (p, z) is a point on S , where p is a point on Sx(x) and z is the z coordinate Proof. X is compact Hausdorff and F : X -» S is monotone and onto. Thus, F~X(S ) = X is a continuum since S2 is.
and h is given by h(x, y) = (g(x), g(y)). Thus, H({x} x Sx(x)) n h({x}xSx(x)) = 0. But F(h({x}xSx(x))) = ^({x} x Sx(x))) = {#(x)}, so F(H({x}xSx(x))) = {g(x)} also. However, this means that H({x}xSx(x)) ĉ "'(U(*)})
; that is H({x} x Sx(x)) c {#(x)} x Sx(g(x)) = «({x} x Sx(x)) contradicting the fact that H({x} x Sx (x))nh({x} xSx(x)) = 0 and completing the proof.
It is now easy to prove the next result.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Theorem 1. X is homogeneous. Proof. Let (x, y) and (p, q) e X. Then xly and p ± q. There is a rigid rotation g of S2 such that g(x) = p and g(y) = q. (First rotate x to p with a rotation g2. Then using p as the center of rotation, rotate g2(y) around to q. Call this rotation gx . Such a ¿^ exists since both g2(y) and q lie on 5 (p). Then g = gx ° g2 is the desired rotation.) The homeomorphism « of X associated with g, as in Lemma 4, has the property that h(x, y) = (p, q), and the proof is done.
The next result gives us what we need to prove that X does not have the Effros property and is thus a counterexample to Ancel's two questions. Lemma 5. For every x e S and homeomorphism h e H(X), h({x} x S (x)) = {y} x Sx(y) for some y e S2.
Proof. h({x} x Sx(x)) is a simple closed curve, and X\(h({x} x Sx(x))) is connected since Z\({x} x Sx(x)) is connected. Suppose «({x} x ¿"'(x)) is not equal to any {y} x S (y). Then, «({x} x 5'(x)) cannot be contained in any single {y} x S (y) either, because no simple closed curve properly contains of D to a point, we get that F(h({x} x S (x))) separates S in this case also. (F = sp o Fp where sp shrinks just the set {p} x Sx(p) to a point; F has already shrunken every {x} x S (x) to a point for x ^ p .) 1 2 Since F(h({x} x S (x))) separates S , we can choose a, b belonging to different components of S2\F(h({x} x Sl(x))). ogy. Then for k e O if k(x, p) £ {x} x Sl(x) it follows that k(x, p) belongs to the saturated part of B(x, U, 1). But then k(x, q) e B(x, U, 1) also, which is a contradiction since k(x, q) e B(x, V, 1). Thus, k(x, p) e {x} x S (x), so that E,x p)(0) c {x} x Sx(x). Since {x} x Sx(x) is nowhere dense in X, E,x pÁO) is not open, and the proof is complete.
